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Abstract 

We explore the moduli space of heterotic strings in two dimensions. In doing so, we 



introduce new lines of compactified theories with Spin{24) gauge symmetry and discuss 



compactifications with Wilson lines. The phase structure of d = 2 heterotic string theory is 
examined by classifying the hypersurfaces in moduli space which support massless quanta 



H ' or discrete states. Finally, we compute the torus amplitude over much of the moduli space. 



1. Introduction 



The past few years have seen a resurgence of interest in two-dimensional string theory. 
Just as in the first period of interest in d = 2 strings (for a review see the latest 

studies have used these theories as toy models of phenomena in higher dimensions. Topics 
of recent interest include tachyon condensation and D-brane decay flux vacua 



and time-dependent backgrounds 



The current research program on strings in two dimensions differs from the work of the 
early 1990's in an important aspect. The vast majority of the work of that earlier period 
focused on the c = 1 bosonic string theory. In contrast, there are many d = 2 models 
currently being discussed in the literature [lT2| - p!7[| . This "landscape" of two-dimensional 



theories should be further explored. It would be of interest to develop the entire web of 
dualities and interrelations of these theories; some work in this direction includes [117 . 



A less explored region of this landscape consists of theories with A/" = (1,0) worldsheet 
supersymmetry, i.e. heterotic strings. These models are of particular interest because 
they manifest a range of phenomena which is intermediate in richness and scope; they are 
more complex and interesting than their two-dimensional cousins but still more tractable 
than higher-dimensional string theories. For example, unlike other d = 2 string theories, 
these theories are known to exhibit Hagedorn-like phase transitions and, unlike Hagedorn 
behavior in higher dimensions, one can retain computational control on both sides of the 
transition [|TB[. Additionally, the heterotic theories seem to be related to two-dimensional 
black holes [ p!9| , |20[] which has been difficult to study with other d = 2 strings. 

The purpose of the present paper is to fully explore the moduli space of heterotic 



strings discovered in |]T^. In particular, we wish to compute the one- loop free energy 
(torus amplitude) over this entire space. However, we find this endeavor to be obstructed 
at small compactification radius by the existence of a rich network of surfaces of first- 
order phase transitions. The locations of such surfaces are governed by the appearance of 
massless modes localized on moduli space. We classify the spectrum of these modes as a 
function of the moduli space coordinates in order to map out the phase structure of the 
theory. Additionally we catalogue the spectrum of discrete states on moduli space, and in 
so doing, chart the regions of enhanced gauge symmetry. 
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1.1. Summary 

Due to the technical nature of the analysis, let us briefly summarize the main features 
of the d = 2 heterotic moduli space found in [|18| and this work. There are three distinct 
non-compact limits. The "heterotic orthogonal" (HO) theory is a Spin{24) gauge theory 
with a single massless scalar in the fundamental of the gauge group. The "heterotic 
exceptional" (HE) theory has a Spin{8) x Eg gauge group. The propagating modes are Eg 
singlets and charged under the Spin{8) as follows: a scalar in the 8^^ and two chiral fermions 
in the 8s and 8c irreps. The HO and HE theories were introduced in |T^] and explored in 
more detail in []20| , p!8| . In addition, another theory which we shall dub "twisted HO" (THO) 
was introduced in [^. It was mentioned only briefly there for it appears to be anomalous; 
it is a Spin{24) gauge theory with spacetime spectrum consisting of a single chiral fermion 
in the fundamental representation. However, this theory is entirely consistent from the 
string worldsheet point of view; for a treatment of the anomaly see |]21[]. In this work we 
develop the THO theory, including the discussion of twisted compactiflcations, T-duality 
and enhanced gauge symmetry. We then extend the analysis of phase transitions to the 
entire d = 2 heterotic moduli space by discussing compactiflcations with arbitrary Wilson 
lines. 

As mentioned above the non-compact theories have gauge group Spin{24) or Spin{8) x 
Eg, both of rank 12. In all theories, the Liouville direction must be non-compact. Thus 
the moduli space is 13- dimensional, parameterized by the radius R of compact Euclidean 
time as well as the twelve component Wilson line, RA, which wraps this direction (all 
three non-compact theories lie on this same contiguous space as shown in [|T8| ). Due to 
the diagonal nature of the GSO projection for these theories (which correlates the Lorentz 
and gauge representations) , certain Wilson line backgrounds actually implement a thermal 
twist about the Euclidean time direction and so describe the corresponding non-compact 
theories in the canonical ensemble. For generic Wilson lines, more formal but still well- 
deflned twisted compactiflcations arise. 

Typically the twisted compactiflcations, including the thermal theories, have flrst- 
order transitions at speciflc values of R due to the appearance of localized massless modes. 
We classify the surfaces in moduli space supporting such modes in equation (5.4), effectively 
providing the transition temperature as a function of Wilson line. We flnd regions with 
enhanced gauge symmetry by examining the surfaces (5.7) supporting discrete states. 

We compute the torus amplitude for generic Wilson line and large radius (low tem- 
perature). It is always well-deflned and in agreement with fleld theory predictions at 
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large radius, however the phase transitions have the effect of preventing calculabihty at 
sufficiently small radius (large temperature) except in cases where T-duality can be ex- 
ploited. At low temperatures the thermodynamics is standard, but at high temperatures 
the worldsheet analysis of this article is insufficient to capture the entire physics (see 
for discussion of the high temperature phase of twists with unbroken gauge symmetry). 
The torus amplitudes for large radii are given for the HO, HE and THO theories with 
Wilson lines by equations (6.17), (6.18) and (6.19) respectively. These expressions are 
valid for the regions of moduli space with R above all of the transitions. We discuss the 
formal obstructions to evaluating the torus amplitude below the transition in section 6.3. 

The layout of this paper is as follows. In section 2, we introduce our notation and 
discuss the discrete symmetries and general features of Af = (1,0) worldsheet conformal 
field theory with two-dimensional target space. Section 3 contains a short review of the 
three theories with non-compact target space: HO, HE and THO. This is followed by the 
development of the most symmetric compactifications of THO in section 4, i. e. those which 
leave the Spin{24) gauge group unbroken. The spectra, T-duality properties and points 
of enhanced symmetry are all described. In section 5 we introduce compactifications with 
Wilson lines and map out the phase structure by classifying the regions of moduli space 
which support massless quanta or discrete states. Finally, in section 6, we calculate the 
torus amplitude throughout much of moduli space and discuss the obstacle in continuing 
this computation to the entire space. Throughout the paper we will use conventions in 
which a' = 2. 

2. Worldsheet Theory and Discrete Symmetries 

All of the theories to be considered in this work have the same A/" = (1,0) worldsheet 
field content; the differences arise from the choice of GSO projection. The right-moving 
CFT is that of the c = 1 noncritical superstring: a Liouville field (p, (Euclidean) time x, 
and their fermionic superpartners i/'f^ and i(^x- The slope of the Liouville field is such that 
it contributes c,/, = 13 to the central charge and the string coupling varies as e'^. The 
left-moving CFT again includes the Liouville field and Euclidean time, as well as a c = 12 
current algebra which can be represented by 24 free fermions with / = 1 . . . 24. It is 
useful to bosonize the worldsheet fermions as follows: 



The operators in the current algebra can then be classified by the lattice of Hl momentum. 
This will be discussed further shortly. 

To develop our theories let us first introduce a set of discrete symmetry generators. 
In the right moving sector define -F^, the right-moving spacetime fermion number, and f^, 
the right-moving worldsheet fermion number, as in ||17|| , 

{—)^^ : (f ^ (f + 27ri 

(2.2) 

(— )-^^ : ip ip + ni , H H + IT 

In the above, <f> refers to the bosonized field in the P'y superconformal ghost system (see 
e.g. [^). It is clear that Fr and are defined only mod 2. 

On the left- moving side Fl and /l, the left- moving spacetime and worldsheet fermion 
numbers, are defined using the group properties of the c = 12 current algebra. The A 
can be arranged into either a Spin{24) or Spin{8) x Eg affine Lie algebra [1T9|JT^ . In the 



Spin{8) X Es theories, we will only consider states with an even number of Eg fermions 
excited. With this condition Fl and /l are defined by their action on Spin{2n) conjugacy 
classes. The center of Spin{2n) is Z2 x Z2 where a convenient choice of basis is given by 
((— )^^, {—)-^^). These operators act as 

(-)^^ : Oo/v Oo/v, Oc/s -Oc/s 

(2.3) 

(-)^" : Oo/s ^ Oo/s. Ov/c ^ -Ov/c 

where Or is some operator in the r conjugacy class of Spin{2n), i.e. whose bosonized form 
has Hl momentum in the r weight lattice of Spin{2n). The & y, or root and vector, 
lattices have elements uj such that cufc G Z and the 5" & C, or spinor and anti-spinor, 
lattices contain Uk G Z-f Additionally, the 0/5" (V/C) lattices have elements such that 
^c<;fc G 2Z (2Z + 1). The definitions ( p.3|) match with the usual notion that (—1)^^ even 
(odd) states are in the left-moving Neveu-Schwarz (Ramond) sector and that counts the 
sum of the momenta in the bosonized language. As with their right-moving counterparts, 
Fl and /l are defined only mod 2. 

It is worth pointing out that "left-moving spacetime fermion number" is a bit of a 
misnomer. Since the fields carry no Lorentz quantum numbers their excitations do not 
contribute to the spacetime spin of a state. Thus the true spacetime fermion number is 
counted purely by (—1)^^. 



Finally, consider the parity and charge conjugation transformations, V and C. These 
operators act as 

V : H —H, X —X, X —X 

(2.4) 

C: Os^Oc 

These operators do not necessarily generate symmetries. For later use observe that 
(— l)^^"'"-'^^ and (—1)-'^^ are related by CV conjugation. 



3. The Non-compact Theories 

There are three basic theories of heterotic strings in two non-compact dimensions: 
HO, HE, and twisted HO (or THO). The HE and HO theories were first discussed in 
||19|| and developed further in [^. The THO theory is mentioned briefly in [^, where it 



appears as an orbifold of HO. Here we will construct the THO theory without recourse to 
HO. 

3.1. HO 

The HO theory is the simplest of the three theories. It is defined via the diagonal 
GSO projection (^—I^^l+Fu _ (^_iyL+fR _ i fpj^g resulting spacetime spectrum is given 
by the vertex operators, 

G = JJ 

A^J = j\i\J (3.1) 
T\k)=e-^VVk 



where the operators 



J = e-^^. 

- , (3-2) 
J = dx 



are U{1) currents and the wave functions are 

Vk = e*'^(^+*)+(i-l'=l)(<^+'^) (3.3) 

This is a two-dimensional Spin{2A) gauge theory where the T\k) are the only propagating 
particle-like degrees of freedom, a scalar in the fundamental representation. The graviton, 
G, and the gauge field, A^^ , are examples of discrete states, and exist only at zero mo- 
mentum. The Ramond sector of the A current algebra does not result in any physical 
particles, because the Spin{2^) spin fields are too heavy to level match with the Ramond 
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ground states of the right-moving CFT. One can observe from that both V and C are 
symmetries. 

The contribution to the partition function from the current algebra fermions is 

Z^ilir) = \ {Zlirr - Zlijr - Zl{TrX (3.4) 
which is modular invariant. Note that zj^^l^) = 24 identically . 



3.2. EE 

This theory is constructed by first dividing the worldsheet fermions, A^, into two 
groups. The first 8 fermions, denoted A* with z = 1 . . . 8, form a Spin{8) current algebra 
and the other sixteen are arranged into an Es CFT. We will require that all states have 
an even number of Eg fermions. Then HE has the same diagonal GSO projection as HO. 
The spacetime spectrum is 

T\k) = e-'^yVk 

= e-^^+^h^S'^Vk , k>0 (3.5) 
_ e'^"^-'^^ S'^Vk , A; < 

Additionally, there is the graviton G = J J and appropriate gauge fields constructed from 
the current algebra. The propagating spectrum includes a scalar, T^{k\ in the Spin{8) 
fundamental representation and two chiral fermions, and which transform in the 
8s and 8c spinor representations of Spin{8), respectively. The constraint on the fermion 
momentum is derived from BRST invariance (specifically the Dirac equation). Neither V 
nor C are symmetries but the combination CV is. 

The contribution to the partition function from the current algebra fermions is 

Z^nkr) = \ [Z'oirf - Z\{rf - Zl^rfX • [Z^irf + Z'.irf + ZUrfY 

(3.6) 

= [(8 - 8) + (64 - 64)^ +•■■]■ [1 + 248q + ■■•]= 

This modular invariant expression vanishes identically due to the Jacobi identity for theta- 
functions. This is familiar from the vanishing of the partition functions of ten-dimensional 
string theories with spacetime supersymmetry. However, in the case of the HE theory there 
is no spacetime supersymmetry but rather a coincidental cancellation of vacuum energies. 



6 



3.3. THO 

This theory can be described by the GSO projection (^—y^+fR _ (^_yL+FR+fL _ i 
The non-compact THO theory has as its only propagating mode 

= e-^^-4^A-^Vfc , k<0 (3.7) 

which is a chiral fermion in the fundamental of Spin{24). Additionally, this theory has the 
discrete states, G and A^"^ , defined in (|3.1[ ). None of the spacetime transformations C, V 
or CV generate symmetries of THO. The modular invariant partition function is 



which is precisely — | that of the partition function for the HO theory. The — ^ can be 
understood as follows: the THO theory is roughly the same as HO but with a chiral fermion 
instead of a scalar. The sign is due to fermionic statistics and the factor of | from the 
constraint that k < 0. 

It is immediately clear that the spectrum ( |3.7| ) is anomalous for it consists of only a 
chiral fermion in the fundamental representation. However, this theory is entirely consis- 
tent from the worldsheet point of view; the spectrum is mutually local and the partition 
function is modular invariant. This is not unlike the case of the d = 10 heterotic super- 
string theories. The solution there is the Green-Schwarz mechanism and we might expect 
a similar resolution here. This is indeed the case; for a full treatment of this anomaly see 



2l[] . For the purpose of this work we will assume that the THO is a consistent theory. 

As a final point, note that the THO theory can be understood as the (—1)-'^^ orbifold 
of the HO theory. There is no distinct "THE" theory since such an orbifold of the HE 
theory is equivalent to HE via Spin{8) triality |lH . 



4. THO Compactifications 

In addition to the non-compact theories, one can examine backgrounds with compact 
Euclidean time. One cannot compactify the Liouville field; the linear dilaton background 
is not periodic. The most symmetric compactifications of HO and HE were studied in 
|1^ ; we will now do the same for THO. There are four possible compactifications which 
preserve the full gauge group. These are compactifications with a twist by some element 
of the center of Spin{24). Note this is somewhat different from the HO and HE theories, 
which had only three such distinct compactifications. This follows from the CV invariance 
of those theories and the CV equivalence of (— 1)^^-+/^ and (—1)-'^^. 
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4.1. Circle theory 

One can compactify THO on a circle of radius R without a twist to obtain the spectrum 

Tc = e-''Oc{^+nw)Vr,,^ 

= e-^^+4^(5s(i + nw)Vr,,^ , pr>0 (4.1) 
= e-^^-4^(5y (1 + nw)Vr,,^ , pR<0 

The compact wave function is given by 

^ gif (x+x)+if i?(x-x) + (l-|pfl|)(,^+0) ^^ 2) 

where pr = ^ + and n,w E 'L. The notation (9^ (A) refers to an operator in the A 
current algebra of conformal dimension A and with lattice vector in the r conjugacy class 
oiSpin{2A). 



In the type and type II string theories in d = 2 |[T^,|T3 there are only states with 



non-zero momentum or non-zero winding but not both. This is due to the nearly trivial 



BRST cohomology of the c = 1 string p3| - p5[| , which requires both sides to be in the ground 
state for propagating particles. Thus p\ = p\ which is satisfied only by pure winding or 
momentum states. In the heterotic theories under study here, it is true that the right- 
moving CFT has the same nearly trivial cohomology but the left-moving CFT can be 
excited to arbitrary level in the way one is accustomed to in higher dimensions. Thus 
there can be a mismatch between p\ and and so there exist states of both winding and 
momentum. This leads to a large, Hagedorn-like, density of states as in the critical string. 

It is clear that the above spectrum is invariant under the T-duality transformation 
R ^ ^ (with the simultaneous exchange of momentum and winding, n -i-^ w). The left- 
moving ^7(1) symmetry generated hy S = dx is enhanced to SU{2) at R = \/2 in the 
usual way for a compactified free boson. 

The torus amplitude for this theory is 

ZT2 = -^fi? + |^ (4.3) 



2 V ^, 

where is the volume of the weak coupling region of the Liouville direction. This can be 
obtained from the more general calculation later in this paper. Note that ( [4.3|) respects 
the self-duality of this theory under R ^ j^. 



(4.4) 



4.2. (-1)^^ twist 

The first non-trivial compactification of the THO theory we wiU study has a twist by 
(—1)^^ around the Euchdean time circle. The spectrum is 

Tc^e-'^Ocil + {2n + l)w)V ^ ^ 
Ts = e-^(5s(i + ni2w + l))Vn,2n.+i 

*c = e-^^+4^(5c(i + n{2w + l))K,2«,+i , Pr>0 
$0 = e-I^-4^ao(i + {n + l){2w + l))V^^i^^^^^ , < 

= e-^^-4^av^(i + 2n«;)K,2«; , PR < 

The momentum and winding of operators in this theory are correlated with the Spin{24) 
conjugacy classes. In the untwisted sector (consisting of even winding), operators which are 
even (odd) under (—1)^^ have integer (half-integer) momenta around the Euclidean time 
circle. The momentum assignments are opposite in the twisted sector [i.e. odd winding). 
This spectrum is mutually local and leads to a modular invariant torus amplitude. 



The spectrum ( [4.4|) is invariant under R ^ ^ (accompanied by the exchange 2?! 



w 



up to charge conjugation, i.e. the exchange of S and C conjugacy classes. Thus, this theory 
is self-dual at = 1. 



The T-duality symmetry of this theory follows from enhanced gauge symmetry ||26|| . 
At the self-dual point R — 1, an additional set of discrete state gauge bosons become 
physical, 

Ai = e-'^tP^X^e^'^ (4.5) 

The above vertex operators enhance the gauge symmetry from Spin{24) x U (1) to Spin{26). 

For the gauge symmetry enhancement to be consistent, the representations of Spin{24:) 
must extend as well. There are states which become massless at -R = 1 with vertex 
operators 

Here we mean "massless" in the sense of one-dimensional Liouville theory [^; they have 
Liouville factor e'^'^'^. This concept of masslessness coincides with loss of exponential 
damping in the partition function and so is quite natural. The combine with "^fy iiito 



the fundamental representation of Spin{26). Likewise, Tq and T5 combine into a Spin{26) 
spinor (as does Vl/c and 

As a final point of interest, note that there is a point of "(1, 0) space supersymmetry" . 
At -R = 1, there is a gravitino "^^0(12 = w = —1) = S~ J where 

S- = e~'^'^~'^^V 1 =e-^'^-4^-^^ (4.7) 

It is only at = 1 that 5"" is a weight (1,0) current. This is a special case of the 
construction in [p8| . 

The torus amplitude for this theory is 



R>1 



(4i 



The derivation of this result is discussed later in this paper. This function is continuous at 
R = 1 but not analytic. The lack of smoothness is caused by the massless states ( [4.6| ) and 
is indicative of a phase transition. Note that (|4.8D respects the self-duality of this theory 



(4.9) 



under R ^ ^. 

4.3. i-l)^"^ twist 

Twisting by (—1)-^^ shifts the THO spectrum from ( [4.1| ) to 

Tv = e-^Ov{\ + n{2w + l))K,2^+i 
Tc = e-^Oc{\ + (2n + \)w)V ^ , 

^'s = e-^/2+'^/2(55(i + 2n«;)K,2^ , Pi? > 

^0 = e-^/2+^^/2(5o(i + (n + i)(2«; + l))K,+ i,2^+i , Pfl > 

= e-^/2-^^/2(Dc(i + n{2w + l))K,2«,+i , Pi? < 

= 6-^/2-^^/2(5^(1 + (2n + l)«;)y^i , pfl<0 

Similar to the (—1)^^ twisted theory, the even winding sector contains states with integer 
(half-integer) momenta that are even (odd) under (—1)-^^ and oppositely for the twisted 
sector. 

There are again 1-d Liouville massless states at = 1 with vertex operators 
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however there is no enhancement of the gauge symmetry to ensure T-duahty. In fact, this 
theory has no T-duahty symmetry. 

AdditionaUy, hke the (—1)^^ twist, there is a point of "supersymmetry" . In this case, 
the gravitino is of opposite chirality; at i? = 1 there is an operator 'i'o{n — w — 0) = J 
where 

2'^ 



Again, this is an example of the operators discussed in |2| 
The torus amphtude for this theory is 

-VL{R-i) R<1 ^ ' 

This computation is discussed more in a later section. Note this theory is T-dual under 
i? ^ to the HO theory with (—1)-^^ twisted compactification (see []18[) and that ( |4.12| ) 
respects this duality. 

4.4- Thermal THO 

Now we come to the finite temperature version of the THO theory. This is obtained 
by adding a twist by the spacetime fermion number (—1)^^ as one traverses the Euclidean 
time circle. Recall from section 3.3 that {—)^^ = by the GSO projection for the 

THO theory. So this theory can be thought of as twisted by (— )^^^-^^, the final element 
in the center of the gauge group. The spectrum is as follows: 



Tc 


= e 


-'^Ocil + 2nw)Vn,2n. 




To-- 


= e~ 








— e 


4^+4-0,(1 + (2n + IMF 


PR>0 




= e 


-h+^h^Ov{^ + ni2w + l))K,2^+i , 


PR>0 




= e 


-h-^i^Osil + ^(2"^ + l))K,2^+i , 


PR<0 




= e 




PR<0 



(4.13) 



Even winding operators have appropriate Matsubara frequencies: integer (half-integer) 
moding around the thermal circle for bosonic (fermionic) particles. The odd winding, or 
twisted, sector has opposite momentum assignments. 
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Note that the spectrum (|4.13| ) is T-dual under R ^ ^ (with 2n ^ w), up to spacetime 
parity. However, this is not guaranteed by an enhancement of gauge symmetry at the self- 
dual point; that is, there are no extra physical gauge bosons aX R = 1. Although there is 
no enhanced symmetry, there are massless states at -R = 1 with vertex operators 



(4.14) 



The torus amplitude for this theory is 



R>1 

^{R-i) R<1 



(4.15) 



The calculation of this quantity is discussed in section 6. Note that ( |4.15| ) respects the 
self-duality of this theory under R ^ ^. However, since this symmetry is not part of a 
gauge symmetry, it is not guaranteed at the non-perturbative level. 

The thermodynamics implied by (|4.15[) are peculiar. Using the usual relation between 
Euclidean time radius and temperature, R = (27rT)~^, we obtain 



-VL{i^-nT^) T>(27r)-i 



(4.16) 



This consists of a vacuum energy and a field theoretic piece which goes as T^. For low 
temperatures (|4.16|) is a sensible result and the field theoretic term is that of 24 free 
chiral fermions, as expected. On the other hand, the high temperature result is counter to 
conventional thermodynamic concepts; in particular, the expression ([4.16| ) leads to negative 
entropy for T > (27r)~^ and a negative latent heat for the transition at T = (27r)~^. Similar 
problems occur in the HO and HE theories |T3] . For more discussion on the interpretation 
of these thermal theories, see lEI . 



5. Moduli Space 



In |T^ it was found that the HO, HE and THO theories lie on a 13-dimensional moduli 
space parameterized by the radius of Euclidean time and a 12 component Wilson line (we 
will use R and the radius-scaled gauge field RA as coordinates on moduli space). The 
Wilson line has the physical effect of shifting the momentum and lattice of gauge quantum 

12 



numbers. Specifically, an operator with quantum numbers (n, w, cD) in the untwisted circle 
compactification will, in the presence of Wilson line RA, have these numbers shifted to 

n^n-CJ- RA + -{RAf 

w ^ w (5-1) 

u ^ uj — wRA 

This shift can be understood as a S'0(1, 13) transformation on the lattice of allowed 
{n,w,uj). This does not affect mutual locality or modular invariance, i.e. the lattice 
remains even and self-dual under this transformation. As such it does not interfere with 
the physical conditions from BRST quantization. Thus, if an operator is physical with the 
quantum numbers (n, w, cD), it will be physical with the shifted quantum numbers ( |5.1| ). 

There is an S'0( 13) subgroup of the above transformations which leaves the spectrum 
of masses invariant. Thus the moduli space is locally S'0(1, 13)/5'0(13). This is only 
true locally since a number of discrete identifications must be made on moduli space [e.g. 
through T-duality or adding RA G 0). Arguments from the critical string suggest that 
the exact moduli space is S'0(1, 13, Z)\S'0(1, 13)/S'0(13), but the situation here is not 
clear. One distinction between the d = 2 heterotic strings and the critical heterotic strings 
which may be of importance here is that there are only two distinct decompactification 
limits in the d = 10 case, i.e. Spin{32)/Z2 and Eg x Eg, while there are three such limits 
in two- dimensions (the HE, HO and THO theories). We will conservatively refer to the 
moduli space as = H\SO{l, 13)/5'0(13) where H is an unknown discrete group. 

Before moving on to the phase structure of moduli space let us single out the most 
symmetric lines of theories. In [ p!8| it was observed that the compactifications of HO and 



HE with twists by the center of the gauge group could be understood as compactifications 
with Wilson lines. The same is true of the THO theory. The (—1)^^ twist can be imple- 
mented by adding RA = (1, 0^^) G V, the (-1)^^ by RA = (i^^) G 5", and a Wilson line 
RA = (— ^, ^^^) G C implements the (—1)^^+-'^^ twist. Hence, all of the compactifications 
discussed in the previous section are continuously connected. 

5.1. Massless Particles and Phase Transitions 

As previously discussed, the appearance of massless particles at some point in moduli 
space is indicative of a phase transition at this point. Thus it is of interest to map out the 
subspaces which support massless quanta. To this end, consider the vertex operator 
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where Pr^l — ^ there is no Wilson hne turned on. The notation Og.s. refers 

to the ground state operator (with A = |) of the right- moving side in canonical ghost 

LP _]_ ■ H 

picture, i.e. e~'^ or e~2' ~. The right-moving factor of the wave function contributes 
A/j = 1 for all pr. The physical condition (Lq = 1) for the left-moving side is then 

= 1 + 2nw (5.3) 

Starting from a physical state we turn on a Wilson line. This shifts the momenta while 
preserving the physical condition. 

The massless states in the theory with Wilson line are those satisfying pn = 
^ ^ ^^^^ — i" ^ = 0. Using the physical condition (|5.3|) , this can be expressed 

as 

RA uj] +R^ = — (5.4) 

w J 

Since -R > 0, this is a hemisphere in moduli space with center at (i2, RA) = (0, ^tJ) 
and radius The conclusion is valid independently of which state (n, w, cD) we started 

with, as long as w ^ 0. For states with zero winding the massless states correspond instead 
to the half-plane 

u-RA = n (5.5) 

in moduli space. Note that this discussion is valid for any of the three theories. The 
difference between the theories lies in which Og.s. is paired with a given (n, cD) and what 
is the most natural way to parameterize moduli space. 

Let us illustrate some aspects of the phase structure with a plot. In Fig. 1 we see 
a cross-section (the RAk^i = plane) of some of the hemispheres supporting massless 
particles. We have chosen coordinates on moduli space such that {R = oo, RA = 0) is the 
non-compact HO theory. Some key features: 

i. The line RA = (1,0^^) is the thermal HO theory. Thus the topmost curve represents 



the thermal phase transition occurring at = 1 discussed in [jT^. The quantum 
numbers of the particles which become massless along this curve are (n = 0, w = 
±1,0; = (±1, 0^^)). Note that the radius where this transition occurs varies such that 
at RAi = there is no transition at finite R. In fact, none of the curves plotted 



cross RA = at finite R. This is consistent with the analysis of [jT^ where the circle 
compactified theory was found to have no transition. 
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ii. Note the intricacy of the structure: we see that the distribution of these surfaces 
becomes very dense at smaU R except along the vertical line RAi = 1. When we 
compute the torus amplitude in the following section, this will prevent us from finding 
a general expression at small radius, except for special Wilson lines such as RAi = 1. 

iii. There are examples of intersecting surfaces. Physically, this means that several sets 
of particles become massless at the same point. 

iv. These surfaces all correspond to ( ^.4] ) with some uj E V. Thus, since we are discussing 
the HO theory, the particles becoming massless are spacetime scalars. If we had chosen 
coordinates such that {R = oo, RA = 0) is the THO theory, we would generate an 
identical plot but the massless particles would be spacetime fermions. There are also 
families of surfaces with uj in the other weight lattices. 
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Fig. 1: Plot of some phase transition surfaces in Ai. Horizontal axis is one 
component of the Wilson Hne and all others have been set to zero, i.e. RA = 
{RA,0^^). 



5.2. Comment on Discrete States 



As is well-known p3| - p5[| , the BRST cohomology of d = 2 NSR string is not entirely 
trivial at higher level; there are the so-called "discrete states" . The results of this BRST 
analysis can be applied in a straightforward manner to the heterotic string. To summa- 
rize, in addition to the propagating spectrum there exist operators parameterized by two 
positive integers (r, s) : 

V^,, = Cg.,.a,.e^'^-^^e^('^)^+*P^^e(^-'^)('^+'^) (5.6) 
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where Or^s is a certain level ^ operator composed of oscillator excitations of the right- 



2^ —wR. The Cg.s. is one of the canonical ground state operators 



moving CFT and p l '- 

discussed in the previous subsection, but note that Vr,s is in the NS (R) sector if r — s is 
even (odd). The above operator is only physical on select subspaces in moduli space where 
is a physical momentum. Using the condition Lq = 1, this hypersurface can be shown 
to be 



1 



{ RA uj 



+ 



R 



2w 



(5.7) 



for operators with non-zero winding. Operators with w 

Q ■ RA 



n 



are physical on the surface 
R 

All of the enhanced gauge bosons and other discrete states discussed in this paper as well as 
in [1T8|J21]] are examples of the operators here. It would be of interest to further investigate 
the spectrum of discrete states of d = 2 heterotic string theory. 



6. The Torus Partition Function 

We wish to calculate the extensive portion of the partition function, that is, the 
contribution from the region of weak coupling. Consider first a theory with compactified 
Euclidean time (no twist). The extensive piece of the partition function is given by the 
1-loop torus amplitude, 

_ 1 

where the nome q is defined q = exp(27rzr). The factor VL{Sn'^T2) 2 comes from the 
integration over the Liouville zero-mode. The contribution from the oscillators of the 
embedding coordinates and their superpartners are cancelled by those of the ghost and 
superconformal ghost systems on the worldsheet. The current algebra contributes the 
sum over lattice vectors Co and the eta-function factor. The range of integration is the 
fundamental modular domain, jF={|r| >l,|ri| < |,r2>0}. 

In the above, we have not specified the range of the sum over lattice vectors uj. For 
the HO theory, the uj sum0 is 



E 



(6.2) 



^ The coefficients of — ^'s for a few of these sums are due to fermionic statistics and the 
constraint that fermions have sign(pfj) = { — )-^^. 
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while for the THO theory the sum is 



(6.3) 



In the above expressions V, S, C are Spin{24) weight lattices. For the Spin{8) x Eg HE 
theory, split the lattice vector into two vectors of 4 and 8 components: uj = (uj^^^lj^'^')). 
The relevant sum is then 



E 



(6.4) 



Here 0,V,S,C denote Spin{8) and 5*^2^(16) C Eg weight lattices for the u)^^^ and lJ^'^^ 
sums, respectively. Note that these sums are such that they reproduce the results of 
section 3. For example, 

= Zl^lif) (8.5) 



E4 E 



where is defined in (|3.4| ). 



6.1. Wilson lines 

The partition function with Wilson lines is obtained by shifting the sums in (|6.1| ) as 
indicated by (|5.1|). This results in 



(i?, RA) 



drdr Vl 



T 4x2 vStPt^ 



a-wRA) 



1 ~ n-c3-i?A+7Tw(i?A)^ n 

where Pr^l = ± ^ with n, G /i. 

We will proceed to perform the modular integral in (|6.6|) and obtain a rather simple 
result, at least for sufficiently large R. One can perform Poisson resummation over n in 
( |0|) using the identity 



fn ^ 



(6.7) 



mG2 



to obtain 



RVl f drdf ^ 



167r 7^ r|?7(r 



-S{m,w 



i^-iTrmw{RAf -2 ('3-'u;flA)^g-27rimi?X(i:3-u;fiA) 

(6.8) 
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The worldsheet instanton factor is S{m,w) = — wr\^ . At this point, subtleties 

regarding the convergence of this expression arise. These subtleties will be addressed in 



section 6.3. For now, we press on under the assumption that (|6.8| ) is absolutely convergent. 

Now that the sum over Q has been sufficiently disentangled from the other sums, we 
go ahead and evaluate it. The results for our three theories are: 
i. HO: 

12 



RVl f drdf 



327r 

12 



^ — S{m,w)^—i-iTmw{RA)^ 



12 



.1=1 



2wRAi /' N H 
2mRAi \') 



^ '^l+2mRAS^) ^ 11'^ 2mRAi ) 



ii. HE: 



RVl f drdf 



647r 

4 



^2 



E, 

m,w(i'A 



i=l 



^ — S{m,w)^—iiTmw{RA)^ 



(6.9) 



.1=1 



-2wRAi 
2mRAi 



T 



X 



n-iiTwRAi y-2wRAi / \* TT yl-2wRAif Y 
e '^l+2mRAM) ~11^2mi?A, 

1=1 
12 

ny-2wRAi / \* I TT -inwRAi y—2wRAi / \* 
^2mi?Ai V) "+"11^ '^l+2mRAi\ ' 

=5 i=5 



li=5 



1=5 



iii. THO: 

Ztho{R-, RA) 



RVl f drdf 



64tv 

12 



T '2 



2wRA., 
2mRAi 



M -n 



i=5 



g — S (m , w ) g — iTrmui (i? A) 



(6.10) 



nwRAi ry—2wRAi 

l+2mRAi ' 



.1=1 



1=1 



e 'Z- 

- U^LRA^l^'irr + 3f[e—-^^^Z 



ry 



(6.11) 



12 



TTwRAi yl-2wRAi 
l+2mRA, 



1=1 



i=l 



The notation Z^p was introduced in [^. These expressions can be shown to be 
modular invarianti. 



The modular properties are (note that these correct formula 10.7.14 in ||2 

Z^(r + 1) = e-^-["/'(°/'+^)+^/^'lz^+^+i(T) 



Z|(-l/r)=e 



iiTaf3/2 y(3 



(6.12) 
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To perform the r-integral we use the trick estabhshed in |29,30,31|. The integral over 
the fundamental domain may be written as an integral over the strip, E = {\ti\ < ^,T2 > 
0}, as follows: 



m, we 



-3(171,11]) 



[ r(o,o)+ / Vr(m,o)e- 



S(m,0) 



(6.13) 

The above identity holds for any r(m, w) such that the left-hand side is modular invariant. 
Performing this explicitly for the HO theory, 



Zho{R, RA) 



RVl 
327r 



+ 



drdr 

E ^2 



drdr 

T ^2 
12 



12 



12 



12 



n^oV)-n^i°(-)-n^o(-) 



i=l 



1=1 



i=l 



-S(m,0) 



12 



12 



.1=1 



1=1 



1=1 



(6.14) 

The first integral is simple to evaluate since Z^q = 24. The integral on the strip E im- 
plements level matching. This means that only terms of order q^(f survive the integration 
over E. Performing the modular integral with only these terms is straightforward and 
results in 



Zho iR^RA) = VL\R+:^J2Yl 

One can use the Fourier expansion 



1 cos(2nmRAi 



1=1 m=l 



(6.15) 



^ oo 



cos(27rmx) 



\x\ — \x\ + 



\x\ < 1 



m=l 



(6.16) 



to simplify the result further. 



2 + (RA)^ - \RA 
R 



Zho{R,RA)=Vl<R + 



(6.17) 



for \RAi\ < 1. Note that the result, (|6.15| ), is manifestly periodic under RAi RAi + 1 
for each i. This periodicity and the result (|6.17|) are sufficient to evaluate Zrp^ for all RA. 
For the HE theory we find 



Zhe{R, RA) 



Vl 
R 



*=1 {efc}=±l 



n=l 



(6.18) 
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for \RAi\ < 1; beyond that one can use the periodicity Zhe{R-, R^i + 2) = Zhe{Ri R^i). 
The lack of dependence on the -Eg Wilson line is expected since there are no charged 
particles in the massless sector. 

We can follow the same path with the THO theory to obtain 

Ztho{R,RA) = Ir+ ^ ^ ^^'='^ \ (6.19) 

This is valid for Wilson lines that satisfy \RAi\ < 1 (with periodicity Ztho{Rj RAi + 1) = 
Ztho{R. RA,)). 



6.2. Field Theory Calculation 



In the above torus amplitudes we consistently find a term proportional to which 
is the contribution from field-theoretic modes. This term provides an interesting check 
on our results for it can be calculated purely from the low energy field theory as follows. 
The massless modes contribute a vacuum energy of _ InlI^l^iM where n is the shifted 



momentum quantum number (see (|5.1|) ). Hence, we sum over all massless modes in the 
theory, .i.e all modes of zero winding. 



^f.t. 



n 



u-RA 



(6.20) 



The sum depends on the theory and is given by (|6.2|), (p73|), or ( |6.4| ) with the additional 
constraint cu^ = 1 (which is required from the physical condition for w = Q). 

The sum over n can be performed via (^-function regularization to obtain the terms 
above. For example, in the HO theory the sum becomes. 



2Vl 



12 oo 



R 



i=l n=l 



Vl 
R 



12 



2 + {RAf - J2 



i=l 



(6.21) 



as in ( |6.17|) . Likewise, one can also reproduce (|6.18| ) and the term in (|6.19| ) from the 
formula dOOQ . 



20 



6.3. Small radius 

In the analysis of section 6.1, some subtleties were glossed over. While ( |6.6|) is ab- 
solutely convergent for all R and RA, the resummed expression ( |6.8[ ) can lose absolute 
convergence at small enough R. At large T2, a given term in the integrand is exponentially 
damped provided that 



1 \ ^ d2 1 

RA~-u] +t^>— (6.22) 
w J 2 



Clearly, R > is large enough to provide the needed damping for all values of winding, 
lattice vector and Wilson line (the exception w = does not cause a problem since the 
lattice sum is only over vectors with cJ^ > 1). At smaller values of the radius the integrals 
of individual terms in ( |6.8|) may diverge and so one cannot exchange the summation and 
integration order. 

The physical meaning of this loss of convergence becomes clear when one compares 
the above expression with that defining the surface of massless particles. At some fixed 
RA, define Rconv as the largest radius such that (|6.22| ) is violated for some particle in 
the spectrum and define Rtrans as the largest radius for which ( |5.4D is satisfied by some 
(not necessarily the same) mode. Then we see that at fixed Wilson line as one lowers R 
from infinity there is loss of convergence at a radius slightly above (by a universal factor) 
the radius of phase transition, i.e. Rconv = V^Rtrans- One may continue the results 
of the previous section all the way down to Rtrans, where there is a non-analyticity due 
to the presence of massless modes. This occurs because the contribution of this mode is 
proportional to \pr\, which vanishes at the transition point. 

In [jl^ the torus amplitudes for HO and HE were calculated both above and below 
the transition for specific Wilson lines. For R > Rtrans, the calculations were done just 
as in the previous section. Below the transition, one Poisson resums winding instead of 
momentum; this avoids the convergence issues just addressed. Note that this only works 
for special Wilson lines (those which do not break the gauge group). If one were to resum 
winding in ( |6.6|) with arbitrary RA one obtains an expression like (|6.8|) but with very 
bad convergence properties; at generic RA the expression is not absolutely convergent for 
any R. This is caused by the dense distribution of phase transitions as illustrated by 
Fig. 1. As also seen in Fig. 1, there is only a single phase transition for the theory with 
RA = (1,0^^). Thus the expression obtained after resummation of winding has a finite 
region of convergence. 
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6.4- Discussion 

We see from the considerations of the last subsection, as weU as those of section 5, 
that the moduh space of two-dimensional theories is quite rich. The theories at large R 
are well understood and tractable. They have well-defined field theory limits and the torus 
amplitudes are computable in a straightforward fashion. However, a dense and intricate 
web of nested and intersecting surfaces of phase transitions exists at small R. This prevents 
one from computing the partition function as well as often obscuring the existence of a 
field theory limit as R 0. The situation might be clearer in another set of coordinates, 
perhaps related to R and RA via a generalized T-dualityi. Such coordinates could perhaps 
be constructed with knowledge of the discrete symmetry group TC discussed in section 5. 
It would be of interest to develop this further. 
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